A Steiner quadruple system of order v, denoted SQS(v), is a pair (X; B) where X is a set of cardinality v, and B is a set of 4-subsets of X (called blocks), with the property that any 3-subset of X is contained in a unique block. If (X; B) is an SQS(v) and (Y; C) is an SQS(w) with Y X and C B, we say that (Y; C) is a subdesign of (X; B).
condition for the existence of an SQS(v) with a subdesign of order w is that v = w or v 2w. In this paper we show the existence of an explicitly computable constant k (independent of w) such that for all admissible v and all admissible w with v kw there exists an SQS(v) containing a subdesign of order w. We also show that for any su ciently large w we can take k = 12:54. To establish these results we introduce several new constructions for SQS, and we also consider the subdesign problem for related classes of designs.
Introduction
This paper is concerned with the existence problem for SQS(v) with a subdesign of order w. Let A S = f0; 1g fv 2 : v 2 or 4(mod 6)g denote the set of admissible integers. For w 2 A S , we de ne S w to be the set of all orders v for which there exists an SQS(v) with a subdesign of order w. De ne s w to be the least admissible integer v 0 , such that for all v 2 A S ; v v 0 we have v 2 S w , if such a v 0 exists; otherwise s w = 1. In section 3 we shall show that s w is nite for all w 2 A S , and then in section 4 we shall show that s w kw for some absolute constant k. In section 5 we improve the constant k. To do this we need constructions for SQS(v) with subdesigns. These constructions are described in section 2, including a review of existing constructions as applied to the subsystem problem. Several new constructions are also described in section 2, and the details of these new results are given in section 6. In section 7 we give some generalizations of our results and, in section 8, pose some problems.
To put our question into a more general context, we de ne a t ? (v; K; ) design, for integers t 0; v 0; 1, and K a set of non-negative integers, to be a pair (X; B) where X is a set of cardinality v, and B is a set of subsets of X called blocks with the properties that (i) B 2 B ) jBj 2 K. i.e. K is the set of block sizes,
(ii) every t-subset of X is contained in precisely blocks.
An SQS(v) is just a 3 ? (v; f4g; 1) design, and a Steiner triple system (STS(v)) is a 2 ? (v; f3g; 1) design.
A three-wise balanced design is a 3 ? (v; K; 1)design. In his second paper on 3 ? (v; f4g; ) designs Hanani 7] showed the importance of 3 ? (v; f4; 6g; 1) designs for the construction of SQS, and we denote such a design by T(v) (T for three-wise balanced). These systems have been studied by many authors (e.g. 2] and 3]), usually under the name of generalized Steiner systems. Hanani showed that a T(v) exists if and only if v 0(mod 2) or v = 1, and this set of integers is denoted by A T . Our bounds on s w follow directly from our study of the subdesign problem for T(v) designs. Accordingly we de ne T w to be the set of all orders v for which there exist a T(v) with a subdesign of order w; and t w to be the smallest integer v 0 such that for all v 2 A T ; v v 0 we have v 2 T w , if such an integer exists; otherwise t w = 1.
A special kind of design T(v) can be constructed when v 0(mod 6) -these are 3 ? (v; f4; 6g; 1) designs with precisely v 6 blocks of size 6 (which form a parallel class), and 2 all the remaining blocks of size 4. Such designs will be denoted by G(v) . The existence of designs G(v) for all v 0(mod 6) was rst shown by Mills 17] in his studies of packing and covering problems.
As the cases of SQS(v) and T(v), we de ne A G ; G w and g w for designs G(v) with subdesigns G(w). The subdesign problem for G(v) has been studied in the special case w = 498, by Hartman, Mills and Mullin 12] . Their results easily generalize to give a quadratic upper bound on g w -and this is outlined in section 3.
Our main result is that s v kv for some xed constant k. We also give linear bounds on t v and g v . It has been conjectured by many authors that s v = 2v, and this conjecture has been proved for v 8 . Finite bounds on s v for v 40 were given by Hartman 9 ], but to this date no proof of the niteness of s v has appeared. We believe the old conjecture to be true, and further conjecture that t v = 2v and g v = 2v; these conjectures are true for v 6 . (Note that a very easy counting argument gives s v 2v, and similarly for t v and g v .)
The study of the subdesign problem for SQS(v) is a natural generalization of the Doyen-Wilson theorem 5] for Steiner triple systems. Doyen and Wilson showed that for all v 1 or 3 (mod 6) and w 1 or 3 (mod 6) with v = w or v 2w + 1, there exists an STS(v) with a subdesign of order w. 3 
Constructions with subdesigns
In this section we state the constructive results which enable us to show the existence of designs with subdesigns. Several of these constructions have appeared in the literature before, and we restate these results in a form which highlights the subdesign properties. The new constructions are described here and a detailed account of them appears in Section 6.
When the subdesign is trivial (has 0 or 1 blocks) Mills, 17] A basic result in the construction of designs is the replacement property for subdesigns.
That is, given a design (X; B) with a subdesign (Y; C) and another design (Y; P) on the same points, then (X; (B ? C) P) is a design which contains the second subdesign. More Other constructions for designs are recursive in nature and this naturally induces subsystems in the constructed design. We discuss ve families of recursive constructions below.
Doubling Constructions
The well known doubling construction for SQS described in Hanani 6] There is also another doubling construction for T(v) due to Hanani 7] . His construction uses a T(v) to construct a T(2v ? 2) 
Tripling Constructions
The constructions described in this section are for designs of order 3v ? 2w, given an input design of order v with a subsystem of order w. The cases where w = 0; 1 are rather special, and we discuss these cases rst. Otherwise let x = v 2 0(mod 2). Then 3x 2 T x by the induction hypothesis, and so 3v = 6x 2 T 2x=v by Theorem 2.2(d).
The next result is the key to our use of T(v) for the study of SQS(v). Theorem 2.6 (Hanani 7] ) If v 2 T w then 3v ? 2 2 S 3w?2 T 3w?2 .
When w is even then the tripling constructions due to Hanani 6] and Hartman 8] 11] (see also Lenz 14] 
Hextupling Constructions
The constructions described here generalize the constructions of Hanani 7] and Hartman, Mills We can now establish the niteness of t w for all even w. We now prove that s w is nite, using a short argument based on Theorem 3.8. In section 4 we give more intricate arguments and derive linear bounds on both t x and s x . (e) If v 2(mod 36) and v maxf9v 0 ? 34; 146g then let y = v+28 3 , so that y 10(mod 12) and y maxf3v 0 ? 2; 58g. Therefore y 2 S w \ S 14 by (a) and 3.10, and so v 2 S w by 2.7(b).
This completes the proof since all v 2 A S are covered by one of the cases (a) to (e).
The previous theorem, together with the doubling construction, now gives us a bound on s w for w 2 We also need the notion of an H-design H(v), which is a triple (X; B; G) where X is a set of points of cardinality v 0(mod 6). The group set G = fG 1 ; G 2 ; : : : ; G v 6 g is a partition of X into groups of size 6. The block set B consists of 4-subsets of X with the properties that is a G(v). Furthermore, if the H-design contains a subdesign on w points (or is missing a non-existent subdesign on w = 6 3 i ; i = 1; 2; 3; 4 points) then the G(v) can be constructed, as above, to contain a subdesign G(w). Let H w be the set of integers v such that there exists an H(v) with a (possibly non-existent) H(w) subdesign, so that g w h w . In the paper 12], several results on the structure of H w were obtained, the most powerful of these results is given below. In what follows we shall let R stand for G or S and similarly r x ; A R , etc. We de ne b G = 12 and b S = 9 and we x 2 A S so that 6b r + 2.
In order to prove Theorem 4.1 we will need a series of technical lemmas: (Actually 4.3, 4.4 and 4.6 are really two lemmas each, one for R = S the other for R = G). Proof: Let w be the least non-negative residue of x (mod 6 ?6) and u = x?w ?1 which is divisible by 6. Let y = u + w = x+( ?2)w ?1 so that, by the de nition of N, we have y r w .
Therefore whenever n 2 S we get (n ? We de ne S x fv 2 S x : v x (mod 6)g and G x = fv 2 G x : v x (mod 18)g.
De ne s x to be the least integer v 0 such that for all v v 0 with v x (mod 6) we have v 2 S x ; similarly de ne g x . We again take R = S or G throughout the section. 
Constructions in Detail
This section consists of detailed proofs of the results quoted in Section 2, which have not appeared elsewhere. In particular we give proofs of Theorem 2.4(a), 2.8 and 2.10.
A tripling construction
We wish to show that if there exists a T(v) then there exists a T(3v ? 2) containing a subdesign on v points. Let (X fAg; B) be a T(v). We shall construct a T(3v ? 2) with point set (X Z 3 ) f1g, containing a subdesign with point set (X f0g) f1g, isomorphic to the input design. For each block of size 6, x; y; z; u; t; w] 2 B, not containing A, we construct the 18 point con guration on fx; y; z; u; t; wg Z 3 given below. A concise description of the con guration is obtained by using the point set Z 15 f1 0 ; 1 1 ; 1 2 g, then identifying x i with 1 i ; y i with 5i; z i with 5i+3; : : : ; w i with 5i+12. Let G be the cyclic group generated by the permutation (j) = j + 1(mod 15); (1 i ) = 1 i+1(mod3) and consider the G-orbits After the identi cation we see that x 0 ; y 0 ; z 0 ; u 0 ; t 0 ; w 0 ] is indeed in the block set, and the subdesign on X f0g has been preserved. To satisfy oneself that the entire con guration is in fact a T(3v ? 2) requires the reader to verify that every 3-subset has been included in precisely one block. This construction is a variant of Hanani's Proposition 8 from 7].
The quadrupling construction
In this section we shall prove that if there exists a three-wise balanced design on an even number of points, v, with a block (or subdesign) of even size w, then there exists a design on 4v ? 3w points with blocks of size 4, and the other blocksizes from the original design. The new design contains four copies of the old design which intersect in a common block (subdesign).
Let v ? w = 2f and let w = 2s. Let X = Z 2f f1 0 ; 1 1 ; : : : ; 1 2s?1 g = Z 2f B 1 and let B be the block set of a 3-wise balanced design on X containing a subdesign on B 1 . We shall construct a new design with point set X 0 = (Z 2f f0; 1; 2; 3g) B 1 6.3 The Hextupling Constructions.
The constructions described here are all special cases of the general construction given by Hanani 7, Proposition 9] . The basic idea behind the constructions is to begin with a threewise balanced design, delete two of its points, and \in ate" each of the remaining points x into a group of points of size w x , and add n new \in nite" points. The blocks of the initial design then determine the structure of the new design in a regular fashion, using a small list of design fragments. Our main contribution here is the construction of some of these fragments. We have called the constructions hextupling, since in each case we use the weight function w x = 6 for all points x of the base design, however we also give an example with w x = 10. Finding a general construction for the fragments remains an open problem, however the astute reader with some familiarity with the tripling constructions of 8] and 11] will be able to see how these fragments are constructed in most cases where w x is even, n is even, and either w x 0(mod 6); 0 n 2w x or w x 2(mod 6) 4 n 4(mod 6) 2w x or w x 4(mod 6) 8 n 2(mod 6) 2w x :
In the cases where w x = 6, the design fragments are sometimes G-designs or H-designs, and in general they are somewhere between these two extremes.
We proceed to construct design fragments of types A and B denoted DFA(n) and DFB(n), for n 2 f2; 4; 6; 8; 10; 12g with w x = 6. The essential observation to make about these design fragments are that:
(1) All triples of the form a 0 ; b 1 ; c 2 occur precisely once in both the A fragment and the B fragment The other ingredients in the hextupling constructions are H(24), H(36) (see Hanani 7] or Mills 17] ), and the following designs with subdesigns. Lemma 6.2. Designs which validate the following assertions exist. f12 + n; 24 + ng S n for n 2 f2; 4; 8; 10g f12 + n; 24 + ng G n for n 2 f6; 12g
Proof. The twelve designs are easily constructed using the doubling and tripling constructions.
We now describe the hextupling construction. Let (X fA; Bg; B) be an S(v) if v 2 or 4(mod 6), and let it be a G(v) when v 0(mod 6), with both A and B in the same block of size 6.
We shall construct an S(6(v?2)+n), respectively G(6(v?2)+n), when n = 2; 4; 8; 10, respectively n = 6; 12. Let I n = f1 0 ; 1 1 ; : : : ; 1 n?1 g. The point set of the new design will be (Z 6 X) I n . The blocks are constructed as follows. For each block in B containing both A and B, say fA; B; x; yg or fA; B; x; y; z; tg construct an S(12 + n) or S(24 + n) or G(12 + n) or G(24 + n) with a subdesign on I n and point set (Z 6 fx; yg) I n or (Z 6 fx; y; z; tg) I n .
For each block in B containing A but not B, say fA; x; y; zg, construct DFA(n) on the point set (Z 6 fx; y; zg) I n , and similarly use DFB(n) for blocks fB; x; y; zg containing B but not A. (Here we use the fact that none of these blocks has size 6). Finally for each block Y in B containing neither A nor B construct an H(24) or H(36) on Z 6 Y , depending on whether jY j = 4 or 6.
Note that a subdesign of order w in the input design, will give rise to a subdesign of order 6(w ? 2) + n in the output design. This completes the proof of Theorem 2.10.
Before closing this section we give a further application of Hanani's construction, using a weighting factor w x = 10.
Let In fact we shall be considering constructions where the blocks are disjoint and so we have the trivial lower bound v
